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Abstract. We give a proof that Brakke's mean curvature flow under the unit density 
assumption is smooth almost everywhere in space-time. More generally, if the velocity is 
equal in a weak sense to its mean curvature plus some given a-H61der continuous vector 
field, then we show C 2,a regularity almost everywhere. 
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?-h ■ 1. Introduction 

A family {M t }t>o of A;- dimensional surfaces in IR n is called the mean curvature flow (here- 
after abbreviated MCF) if the velocity of M t is equal to its mean curvature at each point and 
time. The MCF has been the subject of intensive research since 1980's due to its importance 
in the analytic and geometric context as well as for various applications to physical and in- 
formation sciences such as image processing and metallurgy. The most pertinent aspect of 
MCF to the present paper is the fact that the MCF is the natural gradient flow of the k- 
dimensional surface area and hence is equipped with uniquely rich variational structures. In 
his seminal work [5], Brakke took the advantage to define and study his version of MCF, so 
called Brakke's MCF (or we may call 'weak MCF' to include more general flows), using the 
notion of varifold PQ in geometric measure theory. More precisely, given any fc-dimensional 
integral varifold Vq, which may be considered as a generalized fc-dimensional surface with 
possible singularities, Brakke proved the existence of a family of varifolds {V^}t>o each of 
which satisfies the MCF equation taking the advantage of its variational characterization. 
Under the further assumption that the density function is 1 almost everywhere in time and 
space, Brakke also claimed that the MCF is smooth almost everywhere and that it satisfies 
the MCF equation in the classical sense. The proof of regularity theorem contains remark- 
able new insights such as 'clearing-out', 'popping soap film' and 'cylindrical growth rates', 
to name a few. On the other hand it is technically involved and some part, in particular the 
graphical approximations of the support of moving varifolds Sec. 6.9, 'Flattening out'], 
^ ! is particularly difficult to follow. Later a local regularity theorem for special but very useful 
case was obtained by White [TP] which is sufficient for many applications of interest while it 
does not replace Brakke's claims in full. Recently Kasai and the author [T3] gave a new proof 
for Brakke's regularity theorem up to C 1 '* for general weak MCF where the velocity can be 
equal to the mean curvature plus any given ambient vector field in a suitable integrability 
class. Note that C ls here means C 1,q in the space variables and C - ^ in the time variable, 
which are the usual regularity features of parabolic problems (in the following C 2 ' a should 
be understood in the similar manner). The additional different aspect of [13] from Brakke's 
result is that it is a natural parabolic generalization of Allard's regularity theorem for vari- 
fold [1J since the time-independent case of [T3] reduces essentially to Allard's theorem. The 
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new decisive input to the proof of |T3] is Huisken's monotonicity formula for MCF [10] and 
its variants which were not known at the time that Brakke obtained his result. 

The purpose of the present paper is to extend the regularity result from C s to C 2,a 
for Brakke's MCF and more generally for weak MCF with C a transport term. In the 
case of Brakke's MCF, that is, the case that the transport term is identically equal to 0, 
C 2,a regularity implies C°° almost everywhere by the standard linear parabolic regularity 
theory. This proves Brakke's original claim of almost everywhere C°° regularity for his 
MCF. We noted in [13] that there is an essential gap in [5] for the step of obtaining C 2 
regularity from C 1 ' 5 (see [T3~| Sec. 10.1]). The present paper thus remedies the situation 
and proves that Brakke's claim was correct after all. Just to avoid a possible confusion for 
the reader, we should point out that C 1 ' 5 regularity of [13] does not imply C 2,a simply by 
the standard linear parabolic regularity theory. This is because Brakke's formulation only 
gives variational inequality even with C 1,? estimates, and not equality, thus requiring further 
nonlinear analysis different from simple applications of linear theory. 

We briefly describe the method of proof. We first recall the method in [T3] for the close 
relevance. For obtaining C 1,c regularity there, we used the so called blow-up argument. The 
essence of this argument is that one measures the deviation of moving varifolds from some 
graph of affine function and proves that the deviation is closely approximated by some graph 
of solution for the heat equation. If this can be established, then one has a way to take 
a much better affine function approximation to the moving varifolds in a smaller region. 
The iteration procedure then gives C 1 ' 5 estimate of the graph representing the support of 
moving varifolds. The strategy of the present paper is to measure the deviation of moving 
varifolds from some graph of polynomial function which is quadratic (respectively, linear) in 
the space (respectively, time) variables and which satisfies the heat equation, and to prove 
that the small deviation is closely approximated by some graph of solution for the heat 
equation. Then one can find a much better approximation by a similar polynomial function 
in a smaller region, and the iteration argument gives C 2,a estimates. The procedure takes 
advantage of C ls estimate of [13], another version of L 2 -L°° type estimate different from 
[T3~t Sec. 6.2], blow-up argument and it is similar to C ls estimate in spirit. Since we already 
know that the support of moving varifolds is a C ls graph, we need no Lipschitz graph 
approximation as was done in [T3] . Thus the proof is less technical in that respect but more 
so due to the higher order approximations. 

There have been numerous works [21 [6], [HI El HE] which show the existence of generalized 
MCF past singularities and global in time, and we see a significant advance of understandings 
for the special but important subclass of mean convex hypersurfaces [T7J 1201 EI]- Numerous 
works which have even more direct relations to Brakke's MCF are singular perturbation 
limit problems such as the Allen-Cahn equation [TTJ [15] and the parabolic Ginzburg-Landau 
equation [21 HI H21 [H] . See [13] for further discussion. We cite [7] as one of the best references 
for Brakke's MCF. 

The organization of the paper is as follows. Section 2 contains basic definitions and 
notations. Section 3 describes the assumptions and main results of the paper. Section 4 gives 
the supremum and Dirichlet energy estimate for the difference of heights between MCF graph 
and a certain quadratic function in terms of their L 2 -norm in a larger domain. The estimate 
is essentially used in the subsequent Section 5, where a blow-up argument shows a decay 
estimate necessary for C 2,a estimate. Section 6 concludes the proof of C 2,a estimate and 
Section 7 describes the application to MCF in submanifold. The last Section 8 contains some 
technical estimates concerning the change of second derivatives under orthogonal rotations. 
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2. Preliminaries 

Even though the content of this section is more or less identical to [131 Sec. 2], we include 
this section with a few changes for the reader's convenience. 

2.1. Basic notations. Throughout this paper, k and n will be positive integers with < 
k < n. We often identify R fc with R fc x {0} C R n . Let N be the natural number and 
R+ ■= { x > 0}. For < r < oo and a6»" (or R fc ) let 

B r (a) := {i G K" : \x-a\<r}, B k (a) := {x G R k : \x - a\ < r} 

and when a = let B r := B r (0) and B k := B k (Q). We denote by H k the dimensional 
Hausdorff measure on R n . The restriction of H k to a set A is denoted by 'H k \_A- Set 
ojk '■= H k (B k ). For an open subset U C R ra let C C {U) be the set of all compactly sup- 
ported continuous functions on U and let C c (£/;R n ) be the set of all compactly supported, 
continuous vector fields. The upper subscript of C l c {U) and C l c (U; R n ) indicates contin- 
uous l-th order differentiability. For g G C 1 ([/;M n ), we regard Vg(x) as an element of 
Hom(R n , R n ). Similarly for g G C l (U), we regard the Hessian matrix V 2 g(x) as an element 
of Hom(R n , M. n ). V always indicates differentiation with respect to the space variables x, 
and not with respect to the time variable t. 

For any Radon measure fi on M. n and 4> G C c (IR n ) we often write /i(0) for J Rn (j)dfj,. Let 
spt \x be the support of fi, i.e., x G spt /i if fi(B r (x)) > for all r > 0. Let O fc (/i, x) be the 
/c-dimensional density of \i at x, i.e., lim r ^ fi(B r (x))/(uJkr k ), when the limit exists. For fi 

a.e. defined function u, and 1 < p < oo, m G £ p (/x) means (/ |-u| p <i/i) 1//p < oo. 
For — oo < t < s < oo and x, y G M n , define 

(2A) ^ (47T( 3 -t))^ eXP ■ 

P( y ,s) is the /c-dimensional backward heat kernel. 

2.2. The Grassmann manifold and varifolds. Let G(n, k) be the space of fc-dimensional 
subspaces of MJ 1 and let A(n, k) be the space of fc-dimensional affine planes of M. n . For 
S G G(n,k), we identify S with the corresponding orthogonal projection of M. n onto S. 
Let S x G G(n, n — A;) be the orthogonal complement of S. For two elements A and B of 
Horn (R™, R n ), define a scalar product A ■ B := trace (A* o 5) where ^4* is the transpose of A 
and o indicates the usual composition. The identity of Horn (R n , R ra ) is denoted by /. Let 
a® be Horn (R™, R n ) be the tensor product of a, b G R n . For A G Horn (R", R n ) define 

\A\ := y/A-A, \\A\\ := sup{\A(x)\ : x G R n , \x\ = 1}. 

For T G G(rt, fc), a G R™ and < r < oo we define the cylinder 

C(T,a,r) :={i6l" : |T(s-a)| < r}, C(T,r) :=C(T,0,r). 

We recall some notions related to varifold and refer to [TJ [18] for more details. For any open 
set U C R n , define Gk{U) := U X G(n, fc). A general fc-varifold in [/ is a Radon measure on 
G k (U). Set of all general /c-varifolds in U is denoted by V fc (L r ). For V G V fc (L r ), let ||V|| be 
the mass measure of V, namely, 

||^||(0) := / <f>{x)dV{x,S), V0GC7 c (f/). 

JG k (U) 
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Given any % k measurable countably /c-rectifiable set M C U with locally finite 1-L k measure, 
there is a natural fc-varifold \M\ G V/ c (L r ) defined by 

\M\{4>):= [ 0(x,Ta na; M)^ fc (x), V0 G C c {G h {U)), 

J M 

where Tan x M G G(n, fc) is the approximate tangent space which exists "H fc a.e. on M. In 
this case, |||M||| = H k [ M - We say V G V fe (C/) is integral if 

V((j))= [ (j)(x,T&n x M)9(x)dn k (x), V0 G C c (G k (U)), 

J M 

with some % fc measurable countably fc-rectifiable set M C U and a.e. integer-valued 
integrable function 9 defined on M. Note that for such varifold, fc (||\^||, x) = 9(x) G N, 
% k a.e. on M. Set of all integral fc-varifolds in U is denoted by IV^(?7). We say V is a 
unit density A;- varifold if V is integral and 6 = 1 a.e. on M, that is, V = \M\. When V is 
integral, we often write ^(g^x)) 1 - d\\V\\ (x) for § Gk i V \ S ± (g(x)) dV(x, S), for example, since 
there should be no ambiguity. 



2.3. First variation and generalized mean curvature. For V G Vjt(/7) let 5V be the 
first variation of V, namely, 



SV(g):= / Vg(x)-SdV(x,S) 

JG k (U) 

for g G Cc(U; W 1 ). Let ||5V|| be the total variation when it exists, and if \\SV\\ is absolutely 
continuous with respect to || V|| , we have for some ||^|| measurable vector field h(V, ■) 

(2.2) 6V(g) = - [ g(x)-h(V,x)d\\V\\(x). 

The vector field h(V, •) is called the generalized mean curvature of V. We say V is stationary 
if h(V,-) = 0, ||V|| a.e. in U, or equivalently, SV(g) = for all g G C^(t/;R n ). For any 
V G IVfc(C/) with integrable h(V, •), Brakke's perpendicularity theorem of generalized mean 
curvature [51 Chapter 5] says that we have 



(2.3) J u (g(x)) ± -h(V,x)d\\V\\(x)= j <j(.r) ■ h(\~. .r) <]\\\~\\(.r) 

for all g G C c (U;R n ). 



2.4. The right-hand side of MCF equation. For any V G V fe (t7), tt G ^ 2 (||^||) and 
G C" c 1 (t/;M + ), define 

(2.4) B(V,m,0):= [ (-<P(x)h(V,x)+V<f)(x))-(h(V,x) + (u(x)) ± )d\\V\\(x) 

Ju 

when V G IV fc ([/), ||5V|| is locally finite and absolutely continuous with respect to ||V||, 
and h(V,-) G L 2 (||V r ||). Otherwise we define B(V,u,<p) = —oo. Formally, if a family of 
smooth fc-dimensional surfaces {M t } moves by the velocity equal to the mean curvature 
plus smooth u, then, one can check that V t = \M t \ satisfies 

(2.5) ^||T4||(0)<B(^,«(-,t),0), V0GC 6 1 (f/;M + ). 
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In fact, (12.51) holds with equality. Conversely, if (I2.5P is satisfied, then one can prove that 
the velocity is equal to the mean curvature plus u. If we allow the time- varying test function 
(j) G C l {U x (0, oo); 1R + ) with </>(-, t) G C\ (U), one can check that we also have 

(2-6) j t \\V t \\(<f ) (;t))<B(V t M;t)A(;t)) + j ^(;t)d\\V t \\. 

This inequality (12. 6p motivates the integral formulation of the motion law (13. 3p below. 

2.5. Notations related to norms. For < a < 1, U C M n , — oo < t\ < t 2 < oo and for 
any function / : U X (ti,^) — > M we define the a-H61der semi-norm 

x,yeu,t!<si<s2<t 2 max{|x - y\ a , \s 2 - si\ a ^\ 

Though we do not write out the domain of / for the notation, we always implicitly assume 
that the supremum is taken over the domain. We similarly define [-} a for vector- valued 
functions and matrix-valued functions. For / : U x (ti,^) K (or R m ) we also take the 
liberty of denoting 

||/||o := sup \f(x,t)\ 
xeu,te(ti,t 2 ) 

since we use sup norm quite often. Whenever it is important for clarity to specify the 
domain of definition, we write out the information. We also define the a-H61der norm 

«(= 



|c Q (C/x(ti,t 2 ))) : = WfWo + [f]a- 

We note that we have some occasions to define differently so that it becomes scale 

invariant. This will be specified individually. 



3. Main results 



3.1. Assumptions. For an open set U C W 1 and < A < oo suppose that we have a 
family of fc-varifolds {Vt}o<t<\ and a family of n-vector valued functions {«(■, £)}o<t<A both 
on U satisfying the followings. 

(Bl) For a.e. t G [0, A), V t is a unit density /c-varifold. 
(B2) For U CCU and (t u t 2 ) CC (0,A), 

(3.1) sup \\V t \\{U) < oo. 

ti<t<t 2 

(B3) For < a < 1 assume that u is locally a-Holder continuous, namely for any U CC U 
and (t l5 t 2 ) CC (0,A), 

(3-2) Il w llc* a (c/x(ti,t2)) < °°- 



(B4) For all <p G C\U x [0, A) ; R+) with </>(•, t) G C l c (U) and < h < t 2 < A, we have 
(3.3) WMi-MV-WtM^-M)) <^ 2 ^,^-,t),0(-,t))^ + £ 2 ^^(., t )rf||^||rft. 

Remark 3.1. As is stated in the previous section, (B4) is a weak integral form of the 
motion law: velocity = mean curvature + u. In particular, ifu = 0, it is Brakke's MCF in 
an integral form. If there exists U CC U such that spt || V* 1 1 C U for all t G [0, A), then we 
do not need to assume (B2). In this case, (B2) is satisfied automatically. This can be proved 
easily: choose (ft G Cl(U;M. + ) with = 1 on U and use (13. 3 p and the Holder inequality to 
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show that j^\\V t \\{U) < ||w||oll^t|| (U), which gives a uniform bound (13. ip . If we work under 
periodic boundary conditions (i.e., U = T n , for example, where T n is the n- dimensional 
torus), we do not need (B2) by the same reason. 

3.2. Partial regularity. 

Definition 3.2. A point x G U H spt ||Vj|| is said to be a C 2,a regular point if there exists 
some open neighborhood O in ¥L n containing x such that O fl spt ||V^|| is an embedded k- 
dimensional manifold represented as the graph of /(•, s) : B R — > O for s G (t — R 2 ,t + R 2 ) 
for some R > and with 

\\f\\o+\\Vf\\ +\\V 2 f\\ a +\\df/ds\\ a <oo. 

Theorem 3.3. Under the assumptions (Bl)-(B^), for a.e. t G (0, A), there exists a (possibly 
empty) closed set G t C spt ||T4|| with T-L k {G t ) = such that spt \\V t \\ \ G t is a set of C 2 ' a 
regular points. Moreover, we have the motion law in the classical sense, namely, the normal 
velocity vector is equal to the sum of the mean curvature vector and u 1 - at each C 2,a regular 
point. 

Remark 3.4. For u = 0, Theorem combined with the standard linear regularity the- 
ory proves that the above f is C°° on the set of C 2,a regular points. This proves 'almost 
everywhere regularity' of unit density Brakke's MCF. 



3.3. Local regularity theorem. To describe the local regularity theorem, we need the 
following (cf. [131 Def. 5.1]) 

Definition 3.5. Fix E C°°([0, oo)) such that 0<<f><l, 

( =1 for < x < (2/3) 1/fc , 
0(x) < > for < x < (5/6) ^ 
[ = forx> (5/6)^. 

For < R < oo, x G W 1 and T G G(n, k) define 

(3.4) 4>t,r(x) := 4>(R- l \T(x)\), c := / ^ 2 T1 dU k { = Rr k [ (j) 2 TjR dU k /orVi?> 0). 

JT JT 

With this we have the following 

Theorem 3.6. Corresponding to k, n, 1 < Eq < oo, 0<i/<l,0<a<l, there exist 
< £q < 1; < 0q < 1/2, 2 < Ao < oo and 1 < Co < oo with the following property. For 
T G G(n, k), < R < oo, U = C(T,3R) and (0,A) replaced by (— A -R 2 , A R 2 ), suppose 
that {V t }_ AoR 2< t < AoR 2 and {u(-,t)}_ AoR 2< t < AoR2 satisfy (Bl)-(B^). Suppose 

(3.5) sup R- k \\V t \\(C(T,3R))<E , 

-A R 2 <t<A R 2 

( fAoR 2 r \ a 

(3.6) fi:= LR- (fc+4) / / {^(x^dWVtWdt) <e , 

\ J-AoR 2 JC(T,3R) J 

(3.7) ||u|| a := i2||u|| + R 1+a [u] a < e , 

(3.8) (-A + 3/2)i? 2 < 3ti < (-A + 2)R 2 : Rr k \\V tl \\(<l>^ < (2 - u)c, 

(3.9) (A - 2)i? 2 < 3t 2 < (A - 3/2)^ : Rr k \\V t2 \\{<j)l„ ) > uc. 
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Denote D := (T n B coR ) x (-i? 2 /4, i? 2 /4). Then there are f : D -> T 1 and F : D 
such that T(F(y, t)) = y and T ± (F(y, t)) = f(y, t) for all (y, t) G D, 

(3.10) spt \\V t \\ nC(T,a R) = image F(-,t) W G (— i? 2 /4, _R 2 /4), 



(3.11) 



(3.12) 



/ zs twee differentiable w.r.t. x and differentiate w.r.t. (x,t) on D, 



R 



R~ 2 f, R~ x Vf, V 2 /, 



dt 



+ R 



l+a 



v 2 /, 



dt\ 



< c max{/i, 



Moreover the motion law ( normal velocity = mean curvature vector + u L ) is satisfied on 
image F. 



( 13. 6 p requires smallness of deviation from fc-dimensional plane in a weak measure-theoretic 
sense. (I3.8P excludes the possibility that there may be two or more almost parallel k- 
dimensional planes which may not move for the whole time. Obviously, for such case, we 
cannot hope to represent the graph as a univalent function. The idea of having possibly 
large A is that, if we have a mass strictly less than that of 2 sheets of k- dimensional planes 
near the beginning, we will have a nice univalent representation of graph after sufficiently 
long time. Asking a certain mass lower bound (13. 9p is also natural since Vt = for all time 
would satisfy (B1)-(B4) as well as fl3.5p - fl3.8p . Since one can always set V t = after any 
instance and still obtain a solution satisfying (13. 3p . we need to impose (I3.9P towards the end 
of the time interval. 



4. L 2 -L°° ESTIMATE 

In this section we first define function Q g , which is a (square of) distance function from a 
graph of solution of the heat equation, roughly speaking. We then prove that the L 2 norm 
of Q g controls such distance function in sup-norm in Proposition 14. 3[ which is analogous 
to L 2 -L°° estimate of [Ml Prop. 6.4]. The Dirichlet energy of the distance is also similarly 
controlled. Throughout this section let T G G(n, k) be the projection matrix corresponding 
to R k x {0}. 

Suppose that we are given a function g = (gk+i, • • • ,g n ) defined on M. n x R with the 
following conditions. For each I — k + 1, • • • , n, 

(4.1) g l (x 1 , ■■■ ,x n ,t) = ai + bjt + y^ a H Xi + - ^ a Hj x i x j 

for some ai, bi, an, auj G R with auj = for all 1 < i,j < k. Note that g\ depends only on 
t and X\, ■ ■ • ,Xk and we often consider gi as a function defined on R fc x R. We additionally 
assume that 

k 

(4.2) 6j = X) a '«- 

i=l 

Equivalently, each component function g t of g satisfies the heat equation ^ = We 
next define 

Definition 4.1. If g = (gk+i, • • • ,g n ) satisfies (14. ip and ( 14. 2p . then we write 

gEF. 
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For g G T ' , we define a function Q g defined on R" x M by 

1 n 

(4.3) Q g (x,t) := - {xt-gt^t)) 2 . 

l=k+l 

Note that (2Q g ) 1 ^ 2 is the vertical distance of the point x from the graph of g. The 
expectation is that the MCF should be closely approximated by the solution of the heat 
equation. We next need the following technical lemma. 

Lemma 4.2. There exists 1 < ci(n, k) < oo with the following property. Suppose a function 
f = (fk+i,--- , fn) '■ B\ x (—1,1) — > M. n ~ k with continuous V/ is given. Define M t := 
graph f(-,t) C M n . We assume that 

(4.4) sup |V/| < 1. 

B* X(-l,l) 

Suppose g = (gk+i, • ■ ■ , gw) £ J 7 is given and for each I = k + 1, • • • , n define gi : B\ x 
(-1,1) -»■ M n 6y 

(4.5) & :=(— ,0,-.. ,0), 

where —1 is m the l-th component of gi. For each (x,t) £ x (—1,1) let S = S(x,t) G 
G(n,k) be the tangent space Tt x ji x ^\M t . Then we have 

(4.6) d -%- - S ■ V 2 Q g < Cl Qy 2 |V/| 2 |V 2 ,| - hvf - Vg\ 2 - \ £ |5( & )| 2 



dt ^ y ~ ^ 9 1 1 31 4A; 1 J 2 

l=k+l 



and 



(4.7) ^_^.V^< Cl |V/| 2 |V 2 ^|. 

Note that ?§f-, V 2 Q g and Q] /2 are evaluated at (x,f(x,t)) G M t in ( 14. 6p . 
Proof. One checks that 

(4.8) V 2 Q g = (© ® a - fa " »0V 2 ffi) 

where V 2 (7i is the n x n matrix with non-zero components only in the upper-left k x k 
sub- matrix. Due to (14. 2 p and (14.81) . we have 

(4.9) ^ - S ■ V 2 Q g =j^{S- (b ® B ) + (a* - 0)(T - S) ■ V 2 9l ). 

l=k+l 

We estimate each term of the right-hand side of (14. 9p . For the first term, since S G G(n,k), 
we have S-(gi®gi) = | -S'(g^) | 2 . Fix any I = k + 1, • ■ ■ , n and j = 1, ■ ■ ■ , k. Since S is the tan- 
gent space of graph (f k+1 , ■■■ ,f n ), note that S contains f,- := (0, • • • , 1, • • • , 0, • • • , fjjy), 
where 1 is in the j-th component of f,. Thus we may conclude that 



(4.10) S ■ ( gI ® B ) = |S( & )| 2 > |b ■ f/Mf = - ^|7(l + 



dxj dx 3 



df 



dxj 
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By (14.41) and summing over j and I, we obtain from (14.101) 

(4.H) S-(gi®gi)>^f-^g\ 2 . 

l=k+l 

In particular, from ( 14. lip , we obtain 

n 1 n 

(4-12) E S-( Sl ® a) > \Vf-Vg\ 2 + -J2 IS(gz) 



4fc' 1 2 

Z=fc+1 Z=fc+1 



For the second term of (j4.9j) . we need to know the expression ofT — S. The A;- dimensional 
space corresponding to S 1 is spanned by fi, • • ■ , ffc. Consider the Gram-Schmidt orthonor- 
malization f 1; • • • , f k of f 1? • • • , f fc , namely, f x = fi/|fi|, f 2 = f 2 - (fa • fi)fi, h = h/\h 



l 2|j 



ffc = ffc — Sj=i(ffc ' f j ) f j 5 ffc = ffc/ 1 ffc | • Then S = Ylj=i fj ®fj- ^ * s n °t difficult to check that 
each entry of the upper-left k x k sub-matrix of T — S is bounded by some constant times 
|V/| 2 , where the constant depends only on k and n. The reason is as follows. The first 
k components of fj are (0(| V/| 2 ), ■ • • , 0(\ V/| 2 ), 1, 0, • • ■ ,0), where 1 is in the j-ih com- 



ponent. The last n — k components of fj are 0(|V/|). The division by 1/y 1 + 0(|V/| 2 ) 
for normalization does not change the order of magnitude except that the j-ih component 
turns 1 + 0(| V/| 2 ). One sees that the next vector fj + % has the same property. Thus for each 
j — 1, • • ■ , k, fj®ij has 0(|V/| 2 ) components for the upper-left k x k sub- matrix except for 
the j — j component, which is 1 + 0(\ V/| 2 ). Since T has 1 in the diagonal components for 
the upper-left k x k sub-matrix, we have the above stated property. Note that we only need 
to consider such entries since V 2 gi has non-zero entries only there. Thus with (14. 9p and 
(14.121) . we obtain (14.61) . The derivation for (14.71) is similar, which only requires the estimate 
for (T — S) ■ V 2 gi. □ 

Proposition 4.3. There exists c 2 = c 2 (n, k) with the following property. Suppose that 
{^}-i<t<i an d {«(-,t)}-i<t<i, where V t = \M t \ with M t = graph /(•,£), satisfy (Bl) and 
(B4) on C(T,1) x (—1,1). Let g G J 7 be given with Q g as in (14. 3p . In addition, assume 

(4.13) sup \Vg\ < 1 

bJx(-i,i) 

and 

(4.14) ||u|| := sup \u\ < 1. 

C(T,l)x(-l,l) 



Then we have 



(4.15) 



sup \f-g\ 2 + [ [ \Vf-Vg\ 2 dU k dt 

B* /a x (-3/4,1) J-3/±Jb>{ /2 

<c 2 ( f j Q 9C /||\4||^+|| M || 2 + ||V/||^||V 2 ^|| 2 ). 



Proof. In the proof let 77 G C°°{B\ x (—1, 1)) be a non-negative function with 77 = 1 on 
5 3 fc /4 x(-7/8,l),r7 = 0on J B 1 fe x(-l,l)\ J B 7 fe /8 x(-15/16,l),0<r / < 1 and IV77I, |V 2 r7|, |f | < 
c(k). We then re-define rj(x,t) := r](T(x),t) for (x,t) G C(T, 1) x (-1,1). For (y,s) G 
C(T, 1/2) x (—3/4, 00), we use 4>(x,t) = Q g (x,t)pt ytS ^(x,t)r](x,t) in (13.31) . over the time 



10 Y. TONEGAWA 



interval t\ = — 1 and — 1 < t 2 < min{s, 1}. We then obtain (writing p( y<s \(x,t) as p and 
Q g (x,t) as Q) 



(4.16) / Qpqd\\V t \ 

<C{T,1) 



t2 







< I / {-h PV Q + V(p V Q)}-(h+u ± ) + -(Qpr ] )d\\V t \\dt 

-1 JC(T,1) 01 



t=t 2 

since rj = for t = — 1. For a.e. t G (— 1,^), we may compute the integrand of the right- 
hand side of (I4.16P as follows. Here we use the perpendicularity of mean curvature (12. 3p in 
deriving Vp ■ h = (Vp) ± ■ h. 

(4.17) 

d 

-\h\ 2 pr]Q + (Vp ■ h)r]Q + pV(pQ) ■ h + {-hprjQ + pQVp) ■ u x + pV(pQ) ■ u L + -^(prjQ) 



at 



(Vp) ± ,2 KVoH 2 

<-p\h- pQ - (Vp ■ h) V Q + 11 P) 1 pQ + pV(pQ) ■ h 

P P 

+ p\h- ^-\%Q + PVQH 2 + pV(pQ) • u L + |-(ppQ). 
1 p 1 ot 



Thus we have 

< / 2 / "(Vp ■ h) v Q + pV(pQ) • + l(Vp)±l % g 

-1 JC(T,1) P 



(4.18) 



Qpp d||V t | 

C(T,1) 



t=t 2 



9 

+ ppQM 2 + pV(pQ) • u L + -^(VPQ) d\\V t \\dt. 



By (12.21) . the first two terms of the right-hand side of (14.181) is 

ft 2 



[ 2 / V(pQVp) • S - V{pV(pQ)} • SdV t (-, S)dt 

J -l JG k (C(T,l)) 

ft 2 r 

(V 2 p ■ S) V Q - pV 2 (pQ) ■ SdV t (; S)dt. 



1 JG k (C(T,l)) 



(4.19) 
Using 

(4.20) VV5 + ^4 = 0, 

p ot 

we obtain from (14.181) and (14. 19ft 

/ </ <2 / {-v 2 (pg)-5 + |:(gp) 

JC(T.X) t=t2 J-l JG h (C(T,l)) ot 



(4.21) Jc(T,i) 



+ r]Q\u\ 2 + QVp ■ u 1 - + pVQ ■ u L }p dV{-, S)dt =: h + h + h + h + h- 
Estimate of I\ + I 2 - The integrand of I\ is 

(4.22) {-QS ■ V 2 p - 2(Vp <g> VQ) • 5 - pV 2 Q • 5}p. 
Note that, with the notation of (14.51) . we have 

n 

(4.23) (Vp <g> VQ) • 5 = Vp • S-(VQ) = -Vp • ^ fa - ft)^©)- 

l=k+l 

Thus, we obtain from (14.231) and the Cauchy-Schwarz inequality that 

(4.24) -2(Vp®VQ)-5<2v / 2|Vp|Q^( £ |5( B )| 2 )' < ^ E \S(®)\ 2 V + *Q— 

l=k+l l=k+l ^ 
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By fl4~22]) . f l4~24]) and Lemma S3 we obtain 



h + h < 



(4.25) 



*2 



1 JC(T,1) 



Qp{\v 2 v\ 



\Vr]\ 2 ,dr] 



V 



+ 



Of 



I) 



1 



+ Cl Qip\Vf\ 2 \V 2 g\ V - —|V/ - V<?fWll^P- 



For p = p(y >s }(x,t) with (y, s) G C(T, 1/2) x (— 3/4, oo) and (x,t) ^ {?7 = 1} we have 
\x — y\ > 1/4 or s — t > 1/8. Thus we have 



(4.26) 



p(|V 2 r/| +4 



|Vr]| 2 <9r? 



r/ 



+ 



dt 



I) < c(fc) 



c(k)Q + Qrjp + c 2 |V/| 4 |V 2 (?| V - i|V/ - V<?| V? d||V t ||dt. 



for a suitable constant depending only on fc. Then by the Cauchy-Schwarz inequality, (I4.25P 
and (14.261) give 

(4.27) h + h< / 2 / 

J-l JC(T,1) 

Since / C(T 1} pi] d\\ V t \\ < c(k) by ([O]) . we obtain from ( 14T27|) 

(4.28) /!+I 2 < / c(A;)g + g W -^-|V/-V^| 2 pr / rf||^||rft + 2c 2 c(A ; )||V/|| 4 ||V 2 ^| 

J-l JC(T,1) 4fc 

Estimate of I 3 . We have by f)4.14p 

(4.29) / 2 / vQH 2 pd\\V t \\dt< I' [ V Qpd\\V t \\dt. 



/ 77g| w | 2 pd||y t ||^< 

./-l JC(T,1) J-l JC{T,l) 

Estimate of I4. By (14. 14[) and since p < c(k) on the support of |V^|, we have for any 

t 2 e(-l,l) 

(4.30) f 2 [ QVi]-u L pd\\V t \\dt<c{k) f [ Qd\\V t \\dt. 

J-l JC(T,1) J-l JC(T,1) 

Estimate 0//5. By (I4.13p . one can check that |VQ| < VQ c (k), thus 

(4.31) I" [ r ] VQ-u ± pd\\V t \\dt<c{k)\\u\\ 2 + V [ V Qp d\\V t \\dt. 

J-l Jc(T,l) J-l Jc(T,X) 

Thus, with a suitable c = c(k), we have from f|OT]l . KM . fT4T29]) - (1431]) 

<-t 2 



(4.32) 



g^d||y t | 



C(T,1) 



t=t 2 



< c (/ / Qd||y t ||d* + 

7-1 Jc(T,l) 

•t 2 



Qvpd\\V t \\dt 



1 JC(T,1) 



+ Nlo + liv/||g|| v 2 ^|| 2 ) - 1 / 2 / |V/ - VslVdlMI* 



for all ^2 G (— 1, min{s, 1}). Note that the differential inequality F' < c(F + c) with 
F(-l) = implies F(t) < c(e c(m) - 1) and thus F'{t) < cce c{t+1) . Thus by dropping the 
last term of (14. 32p . we obtain 



(4.33) 



Qvpd\\v t \ 



C(T,1) 



t=t 2 



<ce 2c ( f j Qd\\V t \\dt+\\u\\l+\\Vft\\V 2 g\\ 2 ^. 

J-l Jc(T,l) 



For any t 2 G (—3/4, 1) and y G C(T, 1/2) fl spt ||y 2 ||, and arbitrarily small e > 0, we use 
P — P(y,t 2 +E)( x ,t) m t ne above computation. Since P( 2/ ,t 2 +e)( - , ^2)||^ 2 II ^ <5y as e — )■ 0, where 
S y is the delta function at y, and since i] = 1 on C(T, 1/2) x (—3/4, 1), we conclude that the 
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first term of the left-hand side of (I4.15P is bounded by the right-hand side of (14.331) . For 
the second term of the right-hand side of (14.151) . we use (I4.32p with p = 1. Note that the 
only property we used for the above computation is (I4.20p . Since 

(4.34) / / \Vf-Vg\ 2 dU k dt< [ [ \Vf - Vg\ 2 d\\V t \\dt, 

i-3/4 iflf /2 .7-3/4 JC(T,i) 

we prove (I4.15p . □ 



5. A DECAY ESTIMATE BY BLOW-UP ARGUMENT 

The main result of this section is the following Proposition 15 . 1 1 which shows that one can 
find a better approximation in J 7 in a smaller scale if the relevant quantities (I5.ip - (l5.4p are 
sufficiently small. It is similar to [131 Proposition 8.1], except that the decay we obtain here 
is 6 l+a instead of 0*. 

Proposition 5.1. Corresponding to n, k and < a < 1 there exist < E\ < 1, < 
9 < 1/4, 1 < c 3 < oo with the following property. For < R < oo, suppose {V t }_ R 2 <t<R 2 
and {u(-,t)}_ R 2 <t<R 2 , where V t = \M t \ with M t = graph /(-,£), satisfy (Bl) and (B4) on 
C(T,R) x (—R 2 ,R 2 ) and g G J 7 is given. Denote \\ ■ ||o := sup B fc X {-r 2 ,r 2 ) I ' I- Assume that 



(5.1) ||V/|| <ei, 

(5.2) ||V£|| + i?||V 2 <?||o + i2||^||o<£i, 

(5.3) u(0,0) = 0, 

(5.4) // := (r~^ ^ / Q g d\\V t \\dtY < e x . 

V J-R 2 JC{T,R) ' 



Then there exists g G T with 

(5.5) R- l \\g — ^ ||o + ||V<7 - V$|| + R\\V 2 g - V 2 ^|| + R\\^ - ^||o < c 3 /x 
and 

(5.6) UOR)-^ / / Q s d\\V t \\dtY <9 1+a m^{ft,c 3 R 1+a [u] a ,c 3 \\Vf\\ 2 }. 

V J-e 2 R' 2 JC(TfiR) J 



Proof. After a change of variables, we may assume R — 1. Note that the statement is 
written in a scale invariant manner. If the claim were false, then for each m G N there 
exist {V; (m) }_ 1<4<1 (represented by f^), {u^ m \-, £)}_i<t<i satisfying (0) . (Bl) and (B4) 
on C(T, 1) x (-1, 1) and g^ G 7 such that 

(5.7) ||V/^|| < -, 

m 

(5-8) l|V^||o+||VV m) Ho+||^||o<-, 

ot m 

(5.9) fiW := ( [ [ Q g{m) d\\V t (m) \\dt] 2 < -, 

\J-lJc(T,l) J m 
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but for any g G J 7 with 

(5.10) \\g - 0M|| O + || - Vs (m) ||o + ||V 2 ^ - VV^Ho + ||^ - ^-\\ < m^ m \ 
we have 

(5.11) \0-^ f [ Q g d\\V t {m) \\dt] > 9 1+a max{^ m \m[u {m) } a ,m\\Vf {m) \\l}. 

V J— 6» 2 Jc(T,6) J 

Here, < < 1/4 will be chosen depending only on fc, n and a. By using g = g^ (which 
satisfies ( 15.10p trivially), we obtain from (15. lip 

(5.12) max{[ M ( m )] a , ||V/( m )|| 2 } < 

Thus (I5.12p shows 

(5.13) lim = lim (/x^))" 1 1| V/ (m) || 2 = 0. 



m— >oo 



Next we use Proposition 14. 31 for / = f^ m \ g = g^ m \ u = vS m \ The required conditions (14.41) . 
(T4TT31 and (fl~T4"D follow from ([577]), O and (15331 - Then we have 

(5.14) sup \f {m) -g (m) \ 2 + f f |V/ (m) - Vg [m) \ 2 dU k dt < 2c 2 (/i (m) ) 2 

B^x (-3/4,1) J -3/4 J 

for all sufficiently large m due to (14.151) . (15.31) . (15. 8p and (I5.13p . We next define a sequence 
of renormalized functions 

(5.15) f^(x,t) := (/i<™>)- l (/< m >(s,t) -gW{x,t)) 



with /( m ) = • • • , ~fi m) ). From (157T4D and (15351) . we have 

(5.16) sup |/ (m) | 2 + / / \Vf im) \ 2 dU k dt<2c 2 =: (c 4 ) 2 

B* /a x (-3/4,1) J -3/4 J 

for all sufficiently large m. By the standard compactness theorem, there exist a convergent 
subsequence (denoted by the same index) and a limit / = (fk+i, • • • , f n ) sucn that 

(5.17) / (m) / weakly in L 2 , V/ (m) Vf weakly in L 2 
both on B\, 2 x (-3/4, 1) and 

(5-18) x(-3/4 1)) + / / \Vf\ 2 dU h dt < (C 4 ) 2 

1/2 j-3/4 yBfc 

In addition, due to Rellich's compactness theorem, we may choose such subsequence so that 
for a countable dense set {sj} ! ^ =1 C (—3/4, 1), 

(5.19) {f {m) (-, Sj)}™ =1 is a Cauchy sequence in L 2 (B k /2 ) for all j E N. 
We next claim 

Lemma 5.2. Eac/i component function f\ is in C°°(By 2 x (—3/4,1)) and satifies the heat 
equation, 

(5.20) ^ - A/1 = 
on B\ j2 x (-3/4,1). 
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Proof of Lemma \5.2i In the following we fix / G {A; + 1, • • • ,n}. Let <ft C^°(By 2 x 
(-3/4, 1);R + ) be arbitrary and fixed. For (x,t) G C(T, 1/2) x (-3/4, 1) and m G N define 
a function 

(5.21) (m) (M) := (x, -^ (m) (T(x),t) + 2c 4/ u (m) )0(T(:r),£). 

Since X/ = fl m \x,t) for x G spt ||V^ m ^||, note that we have from (15.151) and (15.211) 

(5.22) <t> im) (x,t) = ^\f<r\T{x),t) + 2c 4 )0(T(*),t) 

for x G spt ||V^ ||. Thus, due to (15. 16ft . 0^ is non-negative on spt ||V/ m ^|| for all t G 
(-3/4, 1). Away from U t6 (_ 3 /4,i) (C(T, 1/2) n spt ||^ (m) ||) x {t}, we may modify so that 
the modified < - m - ) is non-negative smooth function with compact support in C(T, 1/2) x 
(—3/4, 1). This modification justifies the use of < - m - ) in (13. 3p but does not affect the following 
computations since only the values in some neighborhood of spt ||V^"^|| matter. With this 
modification, the substitution of (j)^ in (I3.3P gives (denoting h(V t {m \-) by h^) 



(5.23) 0< / / (-/i (m V W + V0 (m) ) ■ {h {m) + (u {m Y) + 

J -3/4 JC(T,l/2) & 

By the Cauchy-Schwarz inequality and dropping a negative term, (I5.23P gives 



(5.24) 



0< [ [ |M (m) |V m) + | M ( m )||V0 (m) |+ / u (m) (// m) + 2c4)V0-/i (m) 



3/4 JC(T,l/2) 



+ 0V(^ - g[ rn) ) ■ fcH + rf||y/ m) =: l[ m) + lt ] + 4 m) + 4 m) + 4 m) - 



We subsequently identify lim rrwoo (yU (m )) 1 /j m ^ for each j — 1, • - • ,5. 
Estimate of l[ m \ 

By O and (ETT5j) . we have |u (m) | = oGu (m) ). Moreover, by flBTTHj) and fl5"^2|) . we have 
|0( m )| < 3c 4 /i (m) sup \(f>\. Thus we have |«( m )| 2 |0( m )| = od^) 3 ) and since || V t (m) || (C(T, 1/2)) 
is uniformly bounded, we have 

(5.25) lim (ji^)- 1 ^ = 0. 
Estimate of I^. 

By dSSD and flCTj) . one observes that |V0 (m) | < 0(1) on spt ||V t M ||. Since \u {m *>\ = oQiW), 
we conclude that 

(5.26) lim (^M)-ijM = o. 
Estimate of . 

Choose G Cf (Sf /2 ;R+) such that = 1 on spt0(-,t) for all t G (-3/4,1). We also 

re-define <f>(x,t) := (f)(T(x)) for x G C(T, 1/2). Take -3/4 < t x < t 2 < 1 so that spt0 C 
By 2 x (t 1 ,t 2 ). We first claim that 

(5.27) lim I'' I ^\h i - m) \ 2 d\\V t {m) \\dt = tt. 

m ~* 30 Jti Jc(T,l/2) 
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For the proof, using in (13. 3p . we have 



(5.28) / H\\V t {m) \ 

C(T,l/2) 



< f 2 I (-/* (m) + v0) ■ {h im) + {u im Y)d\\v t (m) \\dt. 

t=tl Jh Jc(T,l/2) 



By (15 ,7p . we have d\\ || — > dl-i k |_t uniformly in t and the left-hand side of (I5.28P converges 
to as m — > oo. The right-hand side of fl 5 . 2 8 1) is bounded from above by 

(5.29) 

-|/i (m) | 2 0+ |u (m) | 2 + -\h im) \ 2 4>+ |u (m) ||V0| + \h {m) \\{V^\d\\vt m) \\dt 



ti JC(T,l/2) 

1 I /V7 ~\ I 12 

Mi 



< [ 2 [ -\\h^\ 2 4>+\u^\ 2 4>+\u^\\v4>\ + l(V0) 1 rfii^ri^ 

Ai Jc(T,l/2) 2 

where we used (12. 3p . Terms involving converge to since \u^ m '\ = o{fj,( m '). We also 
have (V0) x = (T — image V/ (m) )(V0) since V0 = T(V0). By (JS2D, we have 

(5.30) JWW<|| r _ imageV/ Wf^!^0 

as m — )• oo uniformly in (x, t). Combining (I5.28p - (l5.30p . we prove (I5.27p . Since we took 
so that spt C {4> = 1}, flBTTHjl and (ET27|) show that 

(5.31) lim (/i^)- 1 /^ = 0. 
Simate o/4 m) + 4 m) . 

By arguing via the Gram-Schmidt orthonormalization as in the proof of Lemma I4.2[ one 
can show that there exists a constant C5 = c(n, k) such that 

k 

(5.32) (image V/ (m) -^fj m) ®fj m) | < c 5 |V/ (m) | 2 , 

3=1 

(m) Qf( m ) „ Am) 

where fj = (0, • ■ ■ , 1, ■ • • , 0, ■ ■ • , ) with 1 in the j-th component. Here we recall 

that we are identifying image V/^** with the corresponding n x n orthogonal projection 
matrix. Then we use (I2.2p to derive 

(5.33) lt ] = f I (-V0® V( Xl -g\ rn) ) + 0V 2 ^ M ) ■ (image V/< m >) d||VJ (m) 

^-3/4 Jc(T,l/2) 



We also have 



(5.34) - V0 ® V(^ - g\ m) ) ■ f i m) ® f j m) = V(rf m) - /, M ) • V0 

j'=i 

and 

(5.35) 0V 2 ^ (m) • f f } ® ^ = W m) - 
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Since g\ 1 satisfies flO]) . we obtain by fl532|) - fl535|) and (EH} that 

4 W) + 4 m) - T / V(^ (m) - /<">) ■ V0 + ^\ft ] + 2*)?£d\\V t 

J -3/4 JC(TA/2) 01 



(5.36) 



-3/4 </C(T,l/2) 

<C5(||0||o+||V0||o+||^||o)||V/( m )||^. 



By d5H, EZD and ( jOBJ , we obtain 

(5.37) lim (^( m ))- 1 (/| m) + 7 5 (m) ) = / / -V/j • V0 + {fi + 2c 4 )^dU k dt. 

m->oo J_ 3/4 Jgfc^ 

By f)5.24p . (15.251) . (I5.26p . (15.31 j) and (I5.37P and noting that has a compact support in 
B k /2 x (-3/4, 1), we obtain 

(5.38) 0< T / -Vf l -V<j> + fMdH k dt 

J -3/4 J^ /2 °^ 

We may repeat the same computation with in (I5.2ip replaced by (gj m ^ —xi + 2c4^ m ^)<p, 
which is again nonnegative on spt ||VJ ||. This leads to the same conclusion as in (I5.38P 
with /; there replaced by —f\. Thus (15.381) holds with equality for all G C^°(B k ^ 2 x 

(— 3/4, 1); M + ). This proves that satisfies the heat equation in a weak sense. By the 
standard parabolic regularity theory, fi is C°° and is a classical solution. This concludes 
the proof of Lemma 15.21 □ 

We next prove 
Lemma 5.3. 

(5-39) lim ||/ (m) -/|| L2( B lfc/2 x(-3/4,i))=0. 



Proof of Lemma 15.31 Let I G {k + 1, • • • , n} be fixed. We first claim that for each 

se (-3/4,1), 

(5.40) s) - /,(-, s) weakly in L 2 ^). 

By (I5.16p . for each fixed s G (—3/4, 1), {// m ' > (-, s)}™ =l is bounded in L 2 (By 2 ) in particular. 
Let w G L 2 (B k /2 ) be any weak limit. Let ^ be as in fl5T22|) and use Q for h = -3/4 
and t2 = s. The same computations fl5.23p - (l5.37l) show that we have 

(5.41) / (w + 2c 4 )<f)(;s)dn k < [ [ -Vf l -V<j)+(f l + 2c 4 )^dH k dt. 

JB* /a J -3/4 ./B* /a 0* 

Since /j is already known to be the solution of the heat equation, we have from (15.41 j) 

(5.42) / (w + 2cM;s)dH k < [ (f l (;s) + 2c A )<f ) (;s)dn k . 

Jb i/2 Jb i/2 

Similarly, replacing in (I5.2ip by (gl — x\ + 2c4/i (m ' ) )0, we obtain 

(5.43) / (2c A -w)<j ) (- } s)dH k < [ (2c 4 -f l (- 1 s))<f ) (;s)dH k . 



D l/2 
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Thus d532D and fICTD show that / B * a (iu-/i(-, s))</>(-, s) = 0. Since </>(•, s) G Cl(B k l/2 ; R+ 

may be chosen arbitrarily, we proved w = /;(■, s) a.e. on S*, 2 . Since any weak subsequence 

converges to fi(-,s), the whole sequence converges weakly to fi(-,s), proving (I5.40p . The 
lower semicontinuity under weak convergence shows that 

(5-44) ll/iMll^a* ) < liminf ||// m) (-, S )|| i2(Bfc , 

v 1/2' m— >oo v 1/2' 



for all s G (—3/4, 1). We next show that for any —3/4 < Sj < s < 1 with Sj satisfying (I5.19P 

"~<oo / ~r>k . 



and for any <p G C^(B\ /2 ] we have 



(5.45) limsup||0// m) (-, S )||^ (Bifc/2) < ||^(., Si )||2 2(B ^ ) + c (0)( s _ Si ). 



To prove (15.451) . we use (xi — g^) 2 ^ as a test function in (I3.3P with time interval [sj,s] 
Then by the Cauchy-Schwarz inequality and dropping the positive term, we obtain 



(5.46) 



C(T,l/2) 



t=s . J Sj JC(T,l/2) 



+ |u^||V((x z - gt ] m\ + ■ V(fo - g[ m) f<P) + ^( Xl - g[ m) f d\\v} m) \\dt. 



We divide both sides of fl5T46|) by (fi^) 2 and take m ->• oo. By (OD]l . (jOty and (j577j) . we 
have 

s 

(5.47) / (/,(-, *)) 2 <^ <hminf(/i( m ))- 2 / (x, - ^ M ) 2 || 

JB*,„ m ~ > °° Jc(T,l/2) 



where we emphasize that the strong convergence at t — Sj is essentially used. By ( I5.16|) . 
f)5.3p . (I5.13P and ( 15. 8p . one can check that 



Mil _ Q 



(5.48) lim {^Y 2 [ (^_^ m ))2 | M M|2 + | M M|| V((xi _^M ) 2 0) | rf || V; 

m-*oo JC(T,l/2) 

uniformly in t. For the last two terms of ( 15 .46p . by ( I2.2p . we have for a.e. t G (sj, s) 

■ V(( Xl - g^) + - g { r ] ) 2 d\\v! m) \\ 

C(T,l/2) OT 

/ -(image V/< m >) • V 2 ((x, - <^) 2 </0 + ^(s, - g\ m) f d\\v} m) \\ 

JC(T,l/2) at 



(5.49) 



'C(T, 1/2) 

For any 5 G G(n, 

-S-V 2 ((^-^) 2 0) < -2\S(V(x l -g^))\ 2 <p + 2(x l -gt ) )<PS- V 2 g\ m) 

(5.50) " (*« - s\ m) fS ■ V 2 + 2|5(V(x / - <^))| 2 + 2(x, - g™?^ 
= 2{ Xl - g^S ■ V 2 gl m) + (*, - g\ m) f{S ■ V 2 + 2^). 

For S = image V/^, by Lemma [4.21 we have 

(5.51) \(S-T) ■ V 2 ^ (m) | < c(n,A;)|V/( m )| 2 |V 2 5 ; m) |. 
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Thus fl530|) and f[5T5Tj) show that 

-(image V/<™>) • V 2 ((x, - ^ m) ) 2 0) < 2(s, - ^ (m) )0T • V 2 g\ m) 

+ c 6 (n,k, W\\c>){\xi -^ (m) ||V/^| 2 |vV m) | + (x, -^ (m) ) 2 }- 

/ \ a ( m ) 

By flU), we have T • V 2 g\ m) - \- = 0, thus (E3SD , fl53^1 . fl5TT3"j) . and (15TT5j) show 
that 

/ hmsup(^))- 2 f / ^•V((x i -^ m) ) 2 0) + 0|(x,-^ m) ) 2 rf||V; (m) ||^ 

(5.53) nwoo J Sj Jc(T,l/2) ot 

< C 6 (C 4 ) 2 (S - Sj). 

By combining (I5.46p . (I5.47p . (I5.48[) and (I5.53p . we obtain (I5.45p . Using the smoothness of 
//, (I5.44p . (I5.45P and the fact that {sj}'jL 1 is dense, one can prove ||// (•, s)\\l 2 (b>[ 2 ) ~~ >" 
\\fi(-, s)\\l 2 (b* 2 ) f° r a ^ s e (—3/4, 1), which shows the strong L 2 (By 2 ) convergence. Since 

these L 2 norms are all bounded uniformly in s by fl 5 . 1 6 j) . the dominated convergence theorem 
proves the desired strong convergence, (15.391) . This concludes the proof of Lemma [5.31 □ 

Next define p = (p k+u ■••,p„):R i xl4 R n - k by 

(5.54) Pl (x, t) := / ; (0, 0) + V/,(0, 0) • x + ^V 2 / z (0, 0) ■ x ® x + ^(0, 0)t 

for I = k + 1, " • ,n. Since fi satisfies the heat equation by Lemma 1531 the standard interior 
estimates with (I5.18P gives 

(5.55) lblloa(B*x(-i,i)) < c 7 (n,k). 

By the Taylor theorem again with the standard interior estimates, we have for < 9 < 1/4 

(5.56) sup \f-p\ < c 8 (n,k)9 3 . 

B|x(-6» 2 ,6» 2 ) 

We define for each m G N 

(5.57) g (m) :=g {m) + fi {m) p 

and define Q^m) as in (14. 3p . By (I5.54p and Lemma l5T2| we have g^ G J 7 . On spt IIV^™' 1 



/ gl^m) CIO 111 l l^t.Ojl . ±jy U<J.<J*1:JI ClllU. U^lllllld \rj . VVC 11CIVC y ^ */ • Ull OpiJ || y £ ||, 

by ( 1537]) and fl5TT5|) . 

(5.58) Q^, = - ff M - ^p\ 2 < (^(»0) a (|/M - /| 2 + 1/ -p| 2 ). 
Thus Lemma l5TB~| (15. 7p . (I5.56P and (I5.58P show 

(5.59) limsup^)- 2 / / Q~ g{m) d\\vt m) \\dt < 2u k {c s ) 2 6 k+8 . 

m^co J -02 Jc(T,6) 

We now choose a small < 6 < 1/4 depending only on n, k, a so that 

(5.60) 1 > 4u k (c 8 ) 2 6 2 - 2a 

holds. By (1535]) and (1537j) . we have ||^( m ) -^ {m) || C 2(Bf x(-i,i)) ^ c 7/ u( m \ thus (1530]) is satis- 
fied for all sufficiently large m. One can check that (15.111) and (15.591) lead to a contradiction 
due to (15.601) for all sufficiently large m. Thus we complete the proof of Proposition 15. II □ 
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6. C 2 ' a ESTIMATE 

Working under the same conditions as in the previous section and iterating the argument, 
we show a proper decay properties necessary for the proof of C 2,a estimates. First we prove 

Proposition 6.1. Corresponding to n, k, a there exist < e 2 < 1 and 1 < eg < oo with the 
following property. Under the assumptions of Proposition 15.11 with s\ replaced by e 2 , with 
additional assumptions 

(6.1) R 1+a [u} a <e 2 , 

(6.2) V/(0,0) = 0, 

(6.3) R 1+a [Vf] 2 ^ <e 2 , 

2 

we have 

(1) at (x,t) = (0,0), / is differentiate with respect to (x,t) and V/ is differentiate 
with respect to x, 

(2) there exists g^ E T such that 



(6.4) 



f = g® V/» = 0, V 2 / = VV 0) , f = ^ 



all hold at (x,t) = (0,0) and 



R-%- 9 {0) \\o + \Mg - g^)\\o + i?||V 2 (^ - </°>)||o + R\&g - g {0) )\\o 
(6.5) & 

< c 9 max{/i, c 3 R 1+a [u] a} c 3 R 1+a [V ff {1+a) }. 



2 



Here \\ ■ || := swPb%x{-&,&) | • |. 
(3) Whenever < r < R, there exists g^ £ J 7 such that 

r-V r) - g { °% + II VfoM - g<®)\\ + r\\ V 2 (^ - g^)\\ + r \\^ - g^)\\ 



( 6 - 6 ) +(r- fc " 4 f [ Q^dWVtWdtf 

V J-r 2 JC(T,r) J 



-r 2 JC(T,r) 

< c 9 (r/R) 1+a max{/i, c 3 R 1+a [u] a , c 3 R 1+a [V/] 2 M } . 

2 

i/ere || • || := sup B fc x( _ r 2 >f .2) | • |. 

Proof. After a change of variables, we may assume that R = 1. For any q e C 2 define 

(6-7) ||g||oa,i( r ) := r _1 ||g||o + ||Vg|| + r||V 2 g|| + r ll^llo 

with || ■ 1 1 = su Psfex(-r 2 ,r 2 ) I ' I here. For notational simplicity define 

(6.8) K : = max{/i, c 3 \u] a , c 3 \V f] 2 il+a) }. 

2 

We choose < e 2 < £1 and 1 < c 9 < 00 so that 

(6.9) c 3 e 2 < £1, 

00 

(6.10) £2 + ( C3 )2 £2 ^0(;-i)(i+a) < £l) 
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oo 

(6.11) 6c 3 6- 2 J2 9ij ~ 1)a < c 9, 

3=0 

(6.12) 26-^ +3+a) < eg. 

We inductively prove the following claims. We set := g and suppose that for j = 
1, • • • , m, there are g^ J ' G T such that 

(6.13) ll^-^ll^-xj^cs^- 1 ^^ 

(6.14) ^ := (e-XW f f q d\\V t \\dt) 1 < 0* 1+a >AT. 

V J-6» 2 J JC(T,6i) J 

Consider the case j = 1. Since e 2 < £i 5 Proposition 15.11 gives g G J 7 which we denote by 
Note here that due to (|§2D, we have ||V/|| < [V.fl ■ Assume fIBTTBl and (l6TT4"j) 

2 

hold up to j = m. We have 

(6.15) fi {m) < 9 m{1+a) K < e x 

by (15 .4p . (16. ip . (I6.3p and (I6.9p . With the notation || ■ || = swp B k mX ^_ em ^m) | ■ | for abbreviation 
in the next computations, we compute 



nv^ m )|| + Hivy em) ii + fl r 



5 



i=i 



(6.16) +l|V^||+^||VV 1) ll+^ m ||^ 



< 



£2 + J2 c 3 dU ~ m+a)K ( b y dffl) and 



oo 

< e 2 + (c 3 ) 2 e 2 J2 e(j ~ m+a) < ei (by flS3D, 0, Q and (^HDJ). 

i=i 

Hence for i2 = 6 m , (Q ]l -(IO |l are all satisfied due to fl6U5|) and (IBTTHjl . By Proposition Q 
there exists a new g G J 7 denoted by g^ em+1 ^ with the estimates 

(6.17) \\g^ - g^\\c^) < c 3 /i (m) < c 3 6^K 
by (E5D, (ESP and 

M (m+i) < gi+«niax{Ai (m) ,C30 m(1+a) [«] a ,C3 sup |V/| 2 } 

(6.18) B| m x(-e-,e™) 

by (JSSD, ([62D and ( l6U5j) . flBTTTjl and ( l6U8j) show that ( 16+3]) and ( EUD are satisfied for 
j = m + 1, thus they are satisfied for all j G N. For function g satisfying ( 14. ip . we have for 
< r < 1 

(6.19) \\g\\ c ^ W < 1^(0,0)1 + 2^(7(0,0)1 + 3^^(0,0)1 + 21^(0,0)1 ^Sr- 1 ^!!^^. 
Thus for j G N we have by ( I6.13P and ( I6.19P 

(6.20) \\ g W - g^Wc^i) < 3c 3 9^ a K. 
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It is clear from (I6.20p that there exists = ]inij-+ 00 g^ e ' which belongs to J 7 , and which 
satisfies (16. 5p by (16. lip . For < r < 1, choose m such that 

(6.21) 6 m+1 <r<6 m 

and set = g^ m \ Then by the similar computations as in (I6.19p . we have 

oo 

||<7 (0) -<7 (r) l|c^)< £ \\gW - g^Wovu 

j=m+l 

oo oo 

(6.22) < ST 3e m - j \\g^ - g^W^^ <J2^ m+1 ^ 1+ ^- 2 9^ a K 

j=m+l j=0 

~ 2 

by (EH, (lOTj) and (ICTj) . By f lCTj) . fl6~l4p and ljB~I2|l . we also have 



(^~ fc ~ 4 / / Q 9 Md\\v t \\dty<e-^ 2 ^ 

(6.23) -'-r 2 JC(T,r) 

< 0-(fc/2+3+aWm+l)(l+a)^ < £9 l+«7f 

~ 2 

Summation of (16. 22j) and (I6.23P proves (16. 6p . It is easy to check that (16. 6p shows g^(0, 0) = 
/(0, 0) and Vc/ (0) (0, 0) = V/(0, 0) = 0. To prove the differentiability of V/, we will prove 

(6.24) lim |V/(z,0)-Vy°>(0,0)-x|_„ 



x->0 \x\ 

which also gives V 2 /(0,0) = VV 0) (0,0). We note that VV 0) (0,0) • x = Vc/ (0) (x,0). By 
(J6SD, for \x\ < 1/2, |V# (0) (x,0)-Vc/ (2N) (:r,0)| = 0(\x\ 1+a ). Thus to show fl6~24j) . it suffices 
to prove 

(6.25) lim |V/(,,6)-V g «^(,,6)| =0 

\x\ 

For any x with \x\ < 1/2, set r := \x\, (3 := -j^. and let A be the Affine k- dimensional plane 
which is tangent to the graph g^ at (x, g( 2r \x, 0)). As a graph, A is represented as 

(6.26) z£l fc -} £ (2r) (x, 0) + V# (2r) (:r, 0) ■ (z - x). 
In the following we estimate 

(6.27) /i(x) := (V-( 1+ ^+ 4 ) / / dist (y, A) 2 d\\V t \\(y)dt\ 2 

V 7_ r 2(i+/3) Jc{T ) x ) r 1 +^) ' 

to apply the gradient estimate of [131 Th. 8.7]. For y = (z, f(z, t)) G spt \\V t \\ with z := T(?/), 
dist (y, A) < \f(z, t) - g&>(x, 0) - Vg {2r \x, 0) • (z - x)\ 

< \f(z,t)-g™(z,t)\ + \g™(z,t) -g^\x,0) - V^foO) ■ (z - x)\ 
( 6 - 28 ) , .r^\ , M 2r) , u, , „^^)| 



< V^Qj (ar) (y,*) + || J | r llo|t| + ||VV 

< v^QL^^ + cxodtl + l^- 



\z - X 
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The existence of c w independent of r follows from (I6.20p . Substituting (16. 28j) into (I6.27P 
gives 

(6.29) fi(x) < ( r -^ k+ ^ / / 2Q g(2r) d\\V t \\dt) 2 + 6c w r 1+ ^ . 

Since C(T, x, r 1+fS ) C C(T,2r), (K2~$\i shows 

/4r 2 l 
-4r 2 JC(T,2r) ' 



By dSISD and flBTBDj) . we obtain 



(6.31) ^(ar) < 2 h ¥c 9 Kr 1+a ~^ + 6c 10 r 1+/3 = (2^c 9 K + 6c 10 )r 1+/3 

by the choice of ft = Note that u is Holder continuous and u(0, 0) = 0, thus for any 
large p, g there which we subsequently fix, 

(6.32) cn(x) := (r 1+/3 ) 1 ~p _ 9||M|| L p, q(c . (Ti:rir i+^ )x{ _ r 2(i+ / 3) ir 2(i + ^) )) < e 2 c(p ) q 1 k ) n)r 1+a . 

The existence of ti and t 2 there for u = 3/4, for example, is satisfied since / is a graph with 
uniformly small spacial gradient. Thus there exists a constant cyi depending only on n, k 
such that 

(6.33) | Vf(x, 0) - Vg {2r \x, 0)| < c 12 max{ M (x), c n (x)} < 2c 12 (2^ ' cgK + 6c 10 )r 1+/3 

by H31 Th. 8.7], f lOTj) and (IS^j) for all sufficiently small r. Now (ESSD proves (153511 . 
Finally, we need to prove 

6.34 lim IM - ; y =L-^ = 

GMHo ^la;) 2 + £ 2 

which will prove / is differentiable at (ac,t) = (0,0) (recall Vfif {0) (0,0) = 0) and §£(0,0) = 
^(0, 0). Set r := (|x| 2 + t 2 ) 1/4 . By flU}, we have for some i with |t| < r 2 that 



(6 35) l^ (0) (0,t) -9 (2r) (0,t)\ < |/»(0,0) (0,0) | + |t||^(^) _^))( ,t) 

< c 9 (2r) 2+a K + 2 a c 9 r 2+a K. 
Moreover, for some x with \x\ < r 2 , 

(6.36) \g {2r \x,t) -g {2r \0,t)\ < \Vg i2r \x,t)\\x\ < c 9 2 1+a r 3+Q K 
by f l6.6p . Thus ( I6.35P and (I6.36P show that it suffices to prove 

(6.37) lim \fM-^A\ Q 

GM)->o ^/la;) 2 + £ 2 

to prove (I6.34p . We basically repeat the same argument as for V 2 /. Set /3 as before and 
let A be the Affine k- dimensional plane which is tangent to the graph g( 2r > at (x, g^ 2r \x, £)). 
We define 

r t+ r ^+n r i 

(6.38) := (r- (1+/3)(fc+4) / / dist (y, A) 2 d||V a ||da ) 2 . 

V J t _ r 2(i+i3) Jc(T,a:,r 1 +' 3 ) ' 
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For y = (z, g(z, s)) G spt || V^|| with z := T(y), 

dist (y,A) < \ f(z,s) - <? (2r) (x,t)- Vg^ (x, t) ■ (z - x) \ 

< \f(z,s)-g^(z,s)\ + \g<*\z,8)-g™{z,t)-Vg™{x,t) ■ (z - x)\ 

(6 ' 39) <V2Q^s) + \s-t\\\^\\ + \z-xm^X 

< V2Q^ 2r) (z,s) + c 10 (\s-t\ + \z-x\ 2 ). 



Substitute (I6.39j) into f !6.38j> . and proceed just as before. Note that 

(6.40) C(T, x, r 1+/3 ) x (t - r 2 ^\ t + r 2 ^) C C(T, 2r) x (-4r 2 , 4r 2 ) 

due to r = (|x| 2 + t 2 ) 1 ^. Then we obtain by (I6.38p -( l6.40p (with an obvious modification for 
cu(x,t) and sup estimate instead of gradient estimate of [131 Th. 8.7]) 

(6.41) r- (1+/3) |/(M) -g (2r \x,t)\ < d 2 max{M(x,t),cn(x,t)} < 2ci 2 (2^c 9 ir + 6c 10 )r 1+/3 

for all sufficiently small r. By (I6.4ip . we prove (16.371) . This completes the proof of Proposi- 
tion 16.11 □ 

Next, to apply the estimates of Proposition 16 . 1 1 at a given point, we need to make a change 
of variables so that V/ and u are both zero there with respect to the new coordinate system. 
Suppose that we have {Vt}_i< t <i and {«(•, i)}-i<t<i satisfying (B1)-(B4) on B\ x (—1,1). 
Let (x,t) G B\/2 H spt \\V t \\ with —1/2 < t < 1/2 be arbitrary. By suitable rotation and 
parallel translation, we may choose a coordinate system so that (x, t) is translated to the 
origin (0,0) and spt ||Vo|| is tangent to R fc x {0}, so that the graph of / has V/(0,0) = 0. 
Note that Bi/ 2 x (—1/2, 1/2) (with this new coordinate system) is included in the original 
domain. To have u(0, 0) = 0, we change the variables by (x,t) — > (x — tu(0,0),t). Namely, 
we introduce a new coordinate system so that the frame moves at the constant speed u(0, 0). 
Define for each t G (-1/2, 1/2) and <\> G C c (G k (R n )) 

(6.42) V t (4>) := V t ((f)(- - tu(0, 0), ■)), u{x, t) := u(x + tu(0, 0), t) - u(0, 0). 

If m(0,0) is assumed to be sufficiently small, -E?i/ 4 x (—1/4, 1/4) is included in the original 
domain under the new coordinate system. It is natural to expect the following. 

Lemma 6.2. The newly defined {V t }_i/ 4<i< i/4 and {«(•, t)}-i/4<t<i/4 satisfy (B4) on B 1 / i x 
(-1/4,1/4) and w(0,0) =0. 

Proof. Obviously £t(0,0) = follows from f !6.42p . Write a := w(0,0) for simplicity. We 
need to check that holds for V t and u. For any G C 1 (B 1/4 x (-1/4, 1/4); R+) with 
0(-,t) G Cl(Bi/ 4 ), define (f)(x,t) := (f)(x - at,t). Then for any -1/4 < t x < t 2 < 1/4, by 

dS32D and (E3D, 



t-2 



(6.43) \\V t \\(<j>{;t)) = \\V t \\(<f>(;t)) < {V4>-4>h)-{h + u^) + ^-d\\V t \\dt 



t=ti 



t-2 



dt 
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If we denote the mean curvature vector of Vt by h(Vt,x), we have h(Vt,x — at) 
since the change of variables is simply a translation for each fixed time. Thus 



h{V t ,x) 



(6.44) 



(V4>-4>h) ■ {h + u L )d\\V t \ 



{V0 - 4>h(V t , ■ - at)} ■ (h(V t , ■ - at) + u^{- - at) + a 1 ) d\\V t \ 



(y<j>-<j>h) ■ {h + ti^ + a ± )d\\V t \\. 
By (12.21) and (12.31) on the other hand, for a.e. t, we have 

(V<f> - <f)h) ■ a x d\\V t \\ = J V0- a x - fh ■ ad\\V t \ 

V<p-a ± d\\V t \\+ [ S ■ (a®V(f>)dVt(;S) = I V0 • ad\\V t \ 



(6.45) 



since S(a<E>V</>) = V0-a T , where - T is the projection to the tangent space, and a ± + a T = a. 
Since §(x, t) = -V0(- - at,t) ■ a + §(■ - at, t), flCT|) - fl6^5|) prove 



(6.46) 



\V t \M;t)) 



t2 



< J J (V0 - <j>h) • (h + u ± ) + d\\V t \\dt. 



(16.461) shows the claim of the present lemma. □ 

Finally, assuming that we already have C 1 ' 1 ^ estimate of the graph, we prove the follow- 
ing. Note that C l '^~ estimate has been established in [13] and it will be integrated at the 
end. Some technical lemma concerning the change of second derivatives under orthogonal 
rotations is relegated to Section 8. 

Theorem 6.3. Corresponding to n, k, and < a < 1 there exist < e 3 < 1 and 1 < c\ 3 < 
00 with the following property. ForO < R < 00 suppose {V t }-B? <t<R 2 and {«(•, t)}_ R 2 <t<R 2 , 
whereV t = \M t \ with M t = graph /(•, t), satisfy (B1)-(B4) on C{T, R) x (-R 2 , R 2 ) . Assume 



(6.47) 



liv/ll 



l+q 



1 + q 
2 



\\Vf\\ + R— [V/]i^ <e 3 , 



(6.48) \\u\\ a :=R\\u\\ + R 1+a [u} a <s 3 , 

and assume that for some g G J 7 with 



(6.49) 

we have 



\\Vg\\ + R\\V 2 g\\ Q + R\\^\\o < e 3 



(6.50) 



R- (k+4) / / Q g (x,t)d\\V t \\(x)dtY <e 3 . 

J-R 2 JC(T,R) J 

Then on B R , 2 x (— i? 2 /4, R 2 /A), f is differentiable w.r.t. (x, t) and V/ is differentiate w.r.t. 
x, and we have 



(6.51) 



R 



v 2 (/-s), 



d(f-g) 



dt 



+ R 



l+a 



v 2 /, 



dt 



< ci 3 max{/x, || V/|| i±£i} 



where the (semi-)norms on the left-hand side of (16.5ip are over the domain B R ^ 2 x(—R 2 /4, R 2 /4). 

Moreover, the normal velocity vector of M t is equal to h(\M t \,x) + u(x,t) at each point 
xeM t n C(T, R/2) for t G {-R 2 /A, R 2 /A) . 
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Proof. We may assume that R = 1 after a change of variables. For any point x G 
MfDC(T, 1/2), £ G ( — 1/2, 1/2), there is a change of variables by Lemma I6T21 so that the new 
graph function / has V/(0, 0) = and u(0, 0) = (where (0, 0) corresponds to (x, t) before). 
Let T be M fc x {0} in this coordinate system which is also the tangent space to the graph of 
/ at (0, 0). We will apply Proposition 16 . 1 1 to /. To do so, we need the initial approximation 
function in J 7 . Consider the graph g after the change of variables and let £ be the function 
defined on T x R so that graph g = graph £. Note that £ in general may not belong to 
J 7 . Thus we do the following. In doing the above change of variables, choose a particular 
coordinate system so that it is obtained first by the parallel translation (x,t) i — > (0,0), 
then by the change of variables (x,t) i — > (x — tu(x,t),t), and an orthogonal rotation A 
with | J — A\ < c(n, k)\Vf(x, t) | so that the image of the tangent space at x of Mj under A is 
M. k x {0}. Define a polynomial function £ with precisely the same first and second derivatives 
as g, that is, if g(x,t) = c + bt + Yli=i a i x i + 1/2 Ylij=i a ij x i x j m the original coordinate 
system, then we define g(x, t) := bt + Y^i=i a i x i + 1/2 Ylij=i a-ij x i x j- We emphasize to avoid 
any confusion that the variables (x, t) for £ is with respect to the new coordinate system. 
By definition, £ G J 7 and £(0,0) = £(0,0). Due to \I - A\ < c\Vf{x,t)\ and similar 

computations for the first derivatives, one has for some constant c = c(n, k) 

(6.52) sup |£-£| <c(|V/(5,t)| + Kx,t)|). 

B|x(-l,l) 

We then define 

1 n 

(6.53) Qg(x,t) := - ( x i-9i(T(x),t)) 2 

l=k+l 

where £ = (§i+i, • • ■ , £ n ) and and similarly for Q~ g . By (I6.52p . we have for x G M t 

with t G (-1, 1) 

(6.54) Qg <2Q § + c(n,k)(\Vf(x,t)\ 2 + \u(x,t)\ 2 ). 

The difference between Qg and Q g on M t is that the former measure the \f — £| 2 /2 while 
the latter measures \ f — g\ 2 /2. The translation by tu(x,t) does not affect the values of Q g . 
Then a simple computation shows 

(6.55) Q g < 2Qg. 
Thus we have 

(6.56) / / Q g (x,t)d\\V t \\dt V <2/x + c(n,fc)(||V/||o+||M|| ), 

V 7-l/4JC(T,l/4) J 

where Vt = |M f | on the left-hand side is understood to be the one after the change of vari- 
ables. Now we are in the position to apply Proposition 16.11 for sufficiently small 63 which 
is determined by e<i and (16.561) . This proves that V/ is different iable w.r.t. x and / is 
differentiable w.r.t. (x,t) at (0,0). It is geometrically obvious that / is then differentiable 
at (x,t). It requires some calculations to prove that V/ is differentiable w.r.t. x via com- 
putations as in Lemma [8.11 but we omit the details. Moreover, since g^ G J 7 , (16.41) proves 
that df/dt = Af at (0,0) for each component. Since V/(0, 0) = 0, this proves that the 
normal velocity is equal to the mean curvature at (0,0). Since the coordinate is 'moving' 
with speed u(x,t), we proved that the normal velocity is equal to the sum of the mean 
curvature and u 1 - in the original coordinate system. The supremum estimates for V 2 (/ — £) 
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and d(f — g)/dt follows from (16. 5p . This in turns gives 

(6.57) sup V 2 (/ - g), — ^ < c u max{/i, ||u|| a , || V/|| a+^j 

B* /a x (-1/2,1/2) at 2 

via (I8.4p and estimates on the difference between V 2 g and V 2 g, which can be bounded by 
c(n, fc)|V/|. Finally we need to prove the a- Holder norm estimate of (j6.51|) . For i — 1, 2, 
let Xi £ M k nC(T, 1/2), U £ (-1/2, 1/2) be any two points with (x u h) ^ (x 2 , t 2 ). Without 
loss of generality we assume 

(6.58) |xi - x 2 \ < 1/10, and < t := t 2 - t x < 1/100. 

After a change of variables as before, so that (0,0) and (x,t) in the new coordinate system 
correspond to (xi,ti) and (x 2 ,t 2 ), respectively, we may have V/(0, 0) = and w(0,0) = 0. 
Denote the tangent space to the graph / at the origin by T. Restricting e 3 further if 
necessary, by the first part of the proof and by Proposition 16.11 there exist g^\ g^ £ T for 
< r < 1/4 with (16 ,4p . (I6.5P and ( 16. 6 p where /, u and T in those statements are replaced 
by /, u, T with R = 1/4. Corresponding to (x,t), fix f := 2max{|x|, It] 1 / 2 } and consider 
g(r)_ p or i a ter use, define 

d 2 g^ ~ dg^ 

(6-59) ~a := fa)^* := (g^W*. & : = 

Note that (recall Vg is independent of t for g £ T) 

\Vg^(f(x))\<\Vg^(0)\+r\a\ 

(6.60) < 2c 9 (4f) 1+Q max{/i, c 3 [£] a , c 3 [V/fc+ a) } + f|| V 2 /|| 

< c 15 fmax{/i, ||u|| a , ||V/|| 

2 

by (16. 6p . the triangle inequalities and ( I6.57p . Regarding the graph g^ r > as a smooth k- 
dimensional manifold in W 1 , let T £ G(n, k) be the tangent space over (x,t) and let g be 
the graph representation over T, that is, graphs = graph g^) . We introduce yet another 
new coordinate system so that T = R k x {0} and (0, 0) corresponds to (x, t). We may take 
such new coordinate system so that the new one is obtained by a parallel translation and 
an orthogonal rotation A with 1 1 — A\ = 0(\'Vg^'(x)\). By (18. 4p and ( I6.60p . we have 

sup |V 2 g(x,t) — a\ < c(n, k)\V g^ (x)\\a\ 

(6.61) (x,t)eC{f,i/A)x (-1/4,1/4) 

< Ci 6 fmax{/i, ||w|| Q , IIV/II (i+a) |. 

2 

Similar computations show 

1 dg ~ 1 

(6.62) sup I — (x, t) — b\ < ciqt maxjju, \\u\\ a , IIV/II (i+o) }■ 

(z,i)eC(T,l/4)x (-1/4,1/4) ^ 2 

Now we define a function g^ £ J 7 which is defined relative to T by 

1 fc 

(6.63) (r) OM) := ff(0,0) + k + - ^ ayxiarj. 

*J=i 
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Since g^ r ' £ J 7 and by (16.591) . we have 6 J 7 . Moreover by the Taylor expansion and 
(|B3lH) - @3Sfl , we have 

snp \g-g {f) \ < c(k)f 2 sup (|V 2 (£ - g^)\ + \^-(g - g&) |) 

(6.64) B|x(-f 2 ,f 2 ) BSx(-f 2 ,r 2 ) ( 

< 2c(k)ciQf 3 max{/i, ||w||oi, ||V/||i±a}. 



By Qg < 2Q g (r) and (16.641) . we have 

(f- fe - 4 f 74 / Q am < 2(r- fc ' 4 T /4 / Q g[f) d\\V t \\dt 

(6.65) v J-f 2 /4JC(f,f/2) 7 V J-f 2 /4JC(f,f/2) 

+ c{k)c\ % f 2 max{/i, ||u|| a , ||V/||i±a} 
By (16. 6p . the first term on the right-hand side is bounded by c 9 f 1+Q max{yU, C3[tt] a , c 3 [V/] \ +a }. 

2 

At this point, we apply the first part of the present proof to conclude that the difference 
between the second derivatives at (0, 0) and those of g^ may be bounded by a suitable 
constant multiples of f°max{yU, ||it|| a , ||V/|| The same holds for time derivative. This 
proves the desired a- Holder estimate of (I6.5ip . □ 

Now we are in the position to prove our main Theorem 13.61 and Theorem 13.31 
Proof of Theorem \3.6[ As usual we may assume R = 1. We apply [13, Theorem 8.7] first. 
To do so, we need to check the assumptions (Al)-(A4) of [131 Section 3.1] are satisfied. Fix 
p > k and q > 2 as any large enough numbers so that <,:=! — k/p — 2/q> -4p. Since our 
u is Holder continuous, we have ||m||lp,<j < ||w|| < \\u\\ a trivially. The upper bound (A2) 
can be proved via an argument in [131 Proposition 6.2], or more specifically, one can show 
(with the notations there) 

(6.66) / p(;t)d\\V t \\ <r(\\u\\lf p(;t)d\\V t \\+ Cl Lo k E ) dt 
Jb l t=tl Jti V Jb x J 

using (13. 5p . Solve a differential inequality for J B pd\\Vt\\ using (I6.66p . Moving around the 
location of pole, we obtain a uniform estimate (A2) in the interior. Thus, corresponding 
to the listed relevant constants, we have an interior C 1,s estimate for spt ||V^||, i.e., we can 
represent spt \\V t \\ as a graph f(-,t) with the desired estimates for ||/|| + ||V/|| i+a . Then 
use Theorem 16.31 to obtain the second order derivatives estimates in a smaller region, where 
we use g = for the initial approximation. Note that ||V/||i+a on the right-hand side of 

(16.511) is already estimated in terms of p and By choosing sufficiently small so > 0, 

this proves the desired conclusion. □ 
Proof of Theorem \3.3l Set p, q as above. By the same reason as above, we have all the 
conditions (Al)-(A4) of [13] satisfied. Thus [131 Theorem 3.2] shows a.e. C ls regularity in 
space-time. Then Theorem 16.31 shows C 2,a regularity there as well. □ 



7. Brakke's MCF in submanifold 



It may be worthwhile to comment on some consequences of our main theorem in the case 
that the ambient space M n is replaced by a submanifold. Such situation naturally arises 
when we consider a MCF in general Riemannian manifold via Nash's isometric imbedding 
theorem. For IeN with 1 < k < k < n, suppose we have a C°° A;- dimensional submanifold 
N in an open set C/ci" and a family of /c-varifolds which is Brakke's MCF in N in an 
appropriate weak sense. For the precise definition, we need to have a few preliminaries. 
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We define the second fundamental form of iV at x G N to be the bilinear form B^. : 
Ta,n x N x Tan^iV i — > (Tan^A^)- 1 such that 

n—k 

(7.1) B x (v 1 ,v 2 ) := - • V V2 Ti)Ti\ xl v 1 , v 2 G Tan x A^. 

i=l 

Here T\, • ■ ■ , T n _j, are locally defined vector fields which are ortho normal and which satisfy 
Ti(y) G (Ta.iiyN) 1 ' on some neighborhood of x. Next, for x G iV and S G G(n,k) with 
S C Tan^iV, define 

fe 

(7.2) #iv(z,£) := ^B,^,^) G (Tan^A^, 

i=i 

where u^, • • • , is an orthonormal basis of S. Hn(x, S) is well-defined independent of the 
choice of the orthonormal basis. Though it is simple, we record the following 

Lemma 7.1. Suppose V G lVk{U) satisfies spt ||V|| C A" and has a generalized mean 
curvature h(V, ■) in U . Let M G U be a countably k-rectifiable set such that V = 9\M\ with 
some integer multiplicity function 9. Then we have 

(7.3) h(V, x) - H N (x, Tan^M) G Tan x .iV 

for ~H k a.e. on M. Here Tan x M is the approximate tangent space of M at x. 

Proof. It suffices to prove that 

(7.4) / (h(V, x) - H N (x, S)) ■ f dV(x, S) = 



for all / G C^(U;M. n ) with f(x) G (Tan^A^. Let 7"i, • • • , t h _j, be a set of locally defined 
orthonormal vector fields which form a basis for (Tan^iV)- 1 on N. Since the integration is 
over M G N, note that the values of / outside of N do not matter. Thus without loss of 
generality we may express / = Y17=i f iTi - Then by (12. 2p we have 

(7.5) / h(V,.).fdV(.,S) = -J2 / 5-V(/ i r J )rfF(-,5) = -V / fiS-VndV^S) 
Ju i=1 Ju i=1 Ju 

where we used S ■ T{ = for V a.e. since S = Tan x M C Tan^A^. On the other hand, by 
(17. ip and (17. 2p . we see that JjjHn(-, S) ■ f dV(-, S) is equal to the right-hand side of (17.51) . 
This proves (I7.4p . □ 

Remark 7.2. We should point out that V being integral is not essential, and that it suffices 
for example to have rectifiable V with its approximate tangent space in Tan^A" a.e. for 
Lemma \7.1\ 

Lemma 17.11 shows that for V = 0\M\, we have a decomposition h(V, x) = h(V,x) T + 
h(V,x)^ = h(V,x) T + H N (x,Ttm x M) G T&ia x N © (Tan^AT)- 1 . Furthermore, due to the 
perpendicularity of the mean curvature vector (12. 3p . we have h(V, x) T G (Tan^M)- 1 nTan^A" 
for "H fc a.e. on M. The vector h(V, -) T may be considered as an intrinsic mean curvature 
vector with respect to A" and it is natural to define the mean curvature flow whose velocity 
is equal to h(V, -) T as follows. 

Definition 7.3. For A < oo, a family of k-varifolds {Vt}o<t<\ in U G M" is (unit dentisy) 
Brakke's MCF in a smooth k-dimensional submanifold N G U if the followings are satisfied. 
(CO) For allte [0,A), spt C N. 
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(CI) For a.e. t G [0, A), V t is a unit density k-varifold. 
(C2) For U CCU and (t u t 2 ) CC (0, A), 

(7.6) sup \\V t \\{U) < oo. 

t x <t<t 2 

(C3) For all <p G C 1 (N x [0, A);R+) with <f>(-,t) G C l c (N) and < t x < t 2 < A, we have 
\\Vt 2 \\(<P(;t2))-\\V tl \\(<P(;ti)) 

<T I {V N ct>-<f>h{V t ,-))-{h{V t ,-)-H N {-,S)) + ^{-,t)dV t {-,S)dt, 

Jti JG k (U) at 

where Vn<P ^ s the tangential derivative of <fi on N . 

Remark 7.4. We also assume that h(Vt,-) exists for a.e. t and locally L? integrable with 
respect to d\\V t \\ dt. By (CI) and Lemma \7A\ for a.e. t, we may replace both the first h(V, ■) 
and (h(V, ■) — H N (-, S)) of (17.71) by h(V, ■) 1 without changing the definition. We may also 



ask (C3) to hold for (f) defined on U and forW<p instead o/Vat0 due to Lemma 7.1. In sum, 
we may equivalently assume the following. 

(C3)' For all <p E C l {U x [0, A);R+) with <£(■, t) G C£(£7) and < t x < t 2 < A, we have 
ll^tllW-,*2))-||Hill(^(-,*i)) 

{ '' y> < 1^ I (V<P-^h(V t ,-) T )-h(V t ,-) T + ^(;t)dV t (;S)dt. 

Jti JG k {U) at 

Now let us discuss what can be said under the assumptions (C0)-(C3). Since H N (-,S) 
is locally a bounded function with H N (x,S) G (Tan^A^)- 1 , we may regard H N as u 1 - in 
[TBI Theorem 3.2] for any large p and q. Thus we may conclude that M t := spt \\V t \\ is 
a C ls graph for a.e. in space-time. This in turn shows that H^(x,Taii x M t ) is o-Holder 
continuous since it involves the first derivatives of the graph. This will lead us to the 
setting of the present paper, which shows partial C 2 ' a regularity with motion law 'velocity 
= h(Vt, -) T ' being satisfied classically. Then the standard parabolic regularity theory shows 
partial C°° regularity. Thus we proved that any unit density Brakke 's MCF in submanifold 
is necessarily a.e. smooth, the meaning of a.e. is stated rigorously in Section 13.21 The 
corresponding statement for general smooth Riemannian manifold setting also follows via 
Nash's imbedding theorem. 



8. Appendix 



In this appendix we consider how the second derivatives change under the orthogonal 
change of variables. 

Lemma 8.1. There exist (3 = (3(n, k) and c = c(n, k) with the following property. Suppose 
that A = {ctij)i<i,j<n is an orthogonal matrix with 

(8.1) \I-A\<p. 

Suppose that two coordinate systems ) and x = (xi, ■ ■ ■ ,x n ) are related by 

x l = Ax 1 . Suppose that a k-dimensional manifold M in M n is represented in the x and x 
coordinate systems as Xj = fj(xi, ■ • • , Xk) for j — k + 1, • • • , n and Xj = fj{x\,--- , Xk) for 
j = k + 1, • • ■ ,n, respectively. Assume that fj and fj are differentiable for j — k + 1, • • • , n. 
Further assume that 



(8.2) 



|V/|, |V/| < 1 
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on the domain of definitions of f and f . Let two points in M be expressed in x coordi- 
nate system as (x^,--- , x%\ f k+1 (x%\ ■ ■ ■ ,x%),-' ,f n (x{\--- ,x$)) fori = 1,2 and in 
x coordinate system as (xi \ ■ ■ ■ , x k \ fk+i(xi , • • • , 5^ ) , • • • , f n {x~i\ • " > f or * = 1j 2, 
respectively. Then writing a?W = (x^ \ ■ ■ ■ , x^) and x^ = {xf \ ■ ■ ■ , x®), we have 

(8.3) |V/(x (1) ) - V/(x (2) )| < c(n, k)\Vf(x {1) ) - V/(x (2) )|. 

Furthermore, assume that fj and fj are twice differentiable for j = k + 1, • • • , n. T/ien we 
/iai> e 



(8.4) |V 2 /(x«) - V 2 /(x (i) )| < c(n, k)\I - A\\V 2 f(x^ 

|V 2 /(x (1) ) - V 2 /(x (2) )| < c(n,k)\I- A||V/(x (1) ) - V/(x (2) )|max|V 2 /(£ (<) )| 

(8.5) i=1 ' 2 

+ c(n, fe)|V 2 /(5 (1) ) - V 2 /(x (2) )|. 

Proof. For the moment we drop the upper subscript (z) for simplicity. Since two coordinate 
systems are related by x l = Ax 1 , we have 

(8-6) {X\, ■ ■ ■ , X k , fk+l, • ■ ■ , fn) = A(Xi, ■ ■ ■ ,X k , fk+l, • ■ ■ , fnY- 

By (18.61) . one obtains the following identity for each m = k + 1, • • • ,n, 

(8.7) ^a ml xi + 22a m ifi = fmjj^auXi + ) j aufi, ■ ■ ■ , 2J a k\Xi + 2j *WQ • 

Differentiating (18.71) with respect to x«, 1 < i < k, we have (writing fa := and similarly 
for /) 



l>k p<k l>k 



Assuming that fj and /j are twice differentiable, and differentiating (18. 8 j) with respect to 
Xj, 1 < j < k, we have (writing := g g y and similarly for /) 

(8.9) a mlfl,ij = 2^ ( a vi + < V/m)( C % + a ¥' fl' ,j) fm,pq + 7m,p °>plfl,iy 
l>k P,q<k l>k l'>k p<k l>k 

Moving the last term of (18 .8p and (18. 9p to the right-hand side, respectively, we obtain 

(8.10) ^^(CW — fm,pO-pl)fl,i = —O-mi + a>pifm,p, 

l>k P<k P<fc 

(8.11) ^(«W — fm,pdpi) fi,ij — ( a pi + a p ifi,i){a q j + ^2 a ql'fl',j)fm,pq- 

l>k p<k P,q<k l>k V>k 

Define (n — k) x {n — fc) matrix-valued function A = (Aij)i<ij< n -k whose component 
is ai+k,j+k — J2 P <k fi+k,pO p j+k- By (18. ip and (18.21) . if we restrict e sufficiently small, A is 
invertible. Multiplying A~ l from left to (18.101) and (18.111) . respectively, we obtain 

(8.12) fm,i ^ ^ (A )mm'"m'i ^ (.A ^mm 1 'dpifm' ,p> 

m'>k p<k,m'>k 

(8.13) f m> ij = (dpi + / J a plfl,i){ a qj + ^^ a g'/',i) ^ l )mm'fm',pq- 

p,q<k l>k V>k m'>k 
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For (18.31) . it is not difficult to check (by the definition of inverse matrix) that 
(8.14) KA-^w^W) - (i-^w^)! < c(n,k)\I - A\\Vf(x w ) - Vf(x^)\. 

Then (18. 3p follows from (I8.12p . (18. 14j) and the triangle inequality. Note that we only need 
differentiability to obtain (I8.3p . We next consider the difference between f m>i j and / m ,y. The 
sum of the right-hand side of (18.131) is separated to J2(p, q )=(i,j) ' + ^2(p, q )^(i,j) ■ ='■ E 1 + E 2 . 
Then 

1-^1 — fm,ij\ — \{ a ii + 0>ilfl,i){ a jj + a jl'fl',j) {A l )mm'fm',ij ~ fm,ij\ 

l>k V>k m'>k 

< — ( a ii + S ^2,0'ilfl,i){ a ji + Qj7'/; / ,j)(^~ 1 )mm| 

(8-15) l>k V>k „ 

+ !(»« + / J ailfl,i){a>ji + / J Ujl'fl'j) / J |(^4 )mm'/m',iil 

< c(n,k)\I -A\ ^2 \ fm',ij\ 

m'>k 

since the off-diagonal elements of A and A -1 are bounded by c(n, fc)|v4 — /|. For E 2 , since 
p i oy q ytz j, one can check from (" 18 . 1 3[) that 

(8.16) \E 2 \ < c(n, k)\I - A\ ^ |/ m>9 |. 
(g3SD - ([H3SD prove dS3D- For <KE\i . we have for p < k 

(8.17) | J2 a MA* W ) - fi,M 2) ))\ < <n, k)\I - A\\Vf(x®) - Vf(x^)\. 

l>k 

Then (j8TT5|l . (EHJ, (IgTTj) (with f|575]l ) with suitable triangle inequalities prove (183|1 . □ 
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